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Abstract 

We present an analysis of the existing constraints for the twist- 
2 light-cone pion wave function. We find that existing information 
on the pion wave function does not exclude the possibility that the 
pion wave function attains its asymptotic form. New bounds on the 
parameters of the pion wave function are presented. 
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The light-cone wave function was introduced in perturbative quantum 
chromodynamics (QCD) to describe hadron form factors at large Q 2 ]l|, 0, 
0]. At the present time, the pion light-cone wave function <p w (u) is widely 
used in perturbative and nonperturbative (in the framework of QCD sum 
rule approach Q) descriptions of hadron properties. For example, numerous 
hadron amplitudes || have been determined from light-cone QCD sum rules 
suggested in ||. In this approach, the pion light-cone wave function <p n {u) 
is given as the following matrix element of a twist-two operator, 

<0\u(x)-f^ 5 d(0)\7r(q) > x 2 =0 =if nqil e- iu{qx) <p n (u)du. (1) 

J 

As results depend on the model of light-cone wave functions, it is clearly 
important to understand which forms for the wave functions are consistent 
with the existing constraints. In this paper, we analyze all such constraints 
on ip n (u), including the new bounds determined from a recent analysis of the 
structure function of the pion. 

There are three relevant models for ip n (u). These are the asymptotic wave 
function, 

=foi(l-u), (2) 

the Chernyak-Zhitnitsky wave function <p% z (u), 

<^ z (w) = 30u(l-u)(2u-l) 2 , (3) 

which was suggested to describe the pion form factor for Q 2 ~ 5 — lOGeV 2 
in perturbative QCD, and the wave function of Braun and Filyanov ip^ F (u), 

<p% F (u) = 6u(l - u){l + a 2 (//)3/2[5(2u - l) 2 - 1] 
+a 4 (ju)15/8[2i(2w - l) 4 - U(2u - l) 2 + 1]} 

(a 2 ~ 0.44, a 4 ~ 0.25; [i ~ IGeV), (4) 

where \x is the normalization point. The model of Braun and Filyanov was 
obtained from the light-cone QCD sum rule for the coupling constant g n NN 
[0. §] giving the following constraint on the light-cone wave function: 

^(0.5) = 1.2. (5) 
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The value of the second moment was obtained in [|1|]: 



m 2 = f u 2 (p n (u)du = 0.35; fj, ~ lGeV. (6) 

J 

However it was pointed that the QCD sum rule for the second moment of the 
pion wave function is not accurate enough to decide in favor of the Chernyak- 
Zhitnitsky wave function or the asymptotic one (see for example @). The 
asymptotic value rri2 = 0.3 is not excluded. So, it means that rri2 is know 
with accuracy not better that 15%. This accuracy we will use in our analysis. 
There is an additional constraint formulated by Radyushkin and Rustkov 

/ = I" ^du = 2.4 (7) 
Jo u 

This relation was obtained from the QCD sum rule for the transition form 
factor 77* — ► tt°, which was compared with prediction of perturbative QCD. 
The authors compare their result (0) with the different models, 
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I- = t ^±du = 3 (8) 
Jo u 

Jo u 

uf = f 1 ^M du = 5.07, (10) 
Jo u 



and interpret this as an indication that the pion wave function is not very 
different from its asymptotic form. Unfortunately, the authors in [It| did not 
discuss the accuracy of their results and we can not use this result (^) in our 
analysis. 

Finally, we use the new constraint for ^^{u) obtained from an analysis of 



the light-cone QCD sum rule for the pion structure function [|TT|, [12|, which 
gives 

^(0.3) = 1; fi ~ IGeV. (11) 

In what follows, we will consider constraints for rri2, ^(0.5) and <£v(0.3). 
The accuracy of the constraints for (p n (0.5) and <£v(0.3) is about 20%. 
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To begin our analysis of the existing constraints for the pion wave func- 
tion, we have to choose a reasonable parametrization. We use the results of 
nj , in which a series expansion of light-cone wave functions was suggested 



with the higher-order terms corresponding to operators with increasing con- 
formal spin. In the case of the twist-2 pion wave function, this expansion 
is 

<p v (u) = 6u(l -u){l + a 2 C 2 3/2 (2u - 1) + a 4 C 4 3/2 (2u - 1) 

+a 6 C 3/2 (2 M -l) + ...}. (12) 

Here C^ 2 are the Gegenbauer polynomials; C% 2 {x) = |(5a; 2 — 1), C^ 2 (x) = 
15/8 (21x 4 — 14a; 2 + 1). If we assume that the pion wave function is not very 
different from its asymptotic form, then we can expect that the higher terms 
in ([12]) are small. This assumption means that there should be the following 
relations: 

1 > a 2 > a 4 > a 6 > ... (13) 

In the present analysis we take into consideration only the three leading terms 
in the expansion (|T2|): 1,02,04. At the end of our analysis we demonstrate 
the presented constraints indicate in favor of validity of the relations (|i~3|). 
The constraint (||) in the parametrization (|T2| ) has the following form, 



m 2 



f 1 u 2 ^{u)du = — (7 + 2a 2 ) = 0.35 ± 0.05. (14) 
jo 70 



Note that the higher terms of expansion ( O ) do not contribute to the relation 
([141). The second constraint (||) leads to the following result, 

, N 3 / 3 15 \ 
^(0.5) = - 1 - -a 2 + — a 4 = 1.25 ± 0.25. (15) 



2 V 2 

Using relation ([7|) in the parametrization ([TJ) gives 

I = f 1 ^^du = 3(1 + a 2 + a 4 ) = 2.4. (16) 
Jo u 

And, the last constraint (|Tl"] ) gives us the following formula: 

^(0.3) = 1.26(1 - 0.3a 2 - 1.317a 4 ) = 1 ± 0.2. (17) 
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It is convenient to present all existing constraints on a plot with axis 02, cla 
(see Fig.l). Note that the hatched region in Fig.l is in agreement with our 
assumption on the hierarchy flTB|). Points corresponding to the asymptotic 
wave function ( Qj2 — O4 = 0), the Chernyak-Zhitnitsky wave function (0,2 = 
|,a4 = 0), and the Braun-Filyanov wave function (02 = 0.44, 04 = 0.25) are 
also shown on this plot. 

Note that due to the relatively small coefficient of a 2 in eq. (|i~4]) , a small 
uncertainty in the value of 7712 leads to a big uncertainty for 02. Assuming 
that m2 = 0.35 ± 0.05 we obtain 

< a 2 < 1.2. (18) 

The relation ( |T8"D does not determine the value of 02 very accurately, but 
it is useful, showing that 02 > 0. 

The constraints for (p n (0. 5) and if n (0.3) are more sensitive to the param- 
eters CL2 and 04. From relations (|15|,[17D it follows that 



a 2 = 0.25 ±0.25; a 4 = 0.1 ±0.12, (19) 

and we can not exclude that the pion wave function attains its asymptotic 
form. From relation ( |l9l) we obtain the following prediction: 

7 = 4±1. (20) 



Note that the best representation of the quark distribution [[□], [12] was 
obtained from the light-cone QCD sum rule for the case when the pion wave 
function is very close to its asymptotic form. This can be used as an argument 
in the favor of suggestion that pion wave function is nearly asymptotic. 

In summary, we have presented an analysis of the known constraints for 
the twist-2 pion light-cone wave function. We have accordingly found new 
bounds on the form of the pion wave function. We note that the light-cone 
QCD sum rule for the quark distribution in a pion indicates that (p^{u) is 
close to its asymptotic form. 

This research was sponsored in part by the U.S. Department of Energy 
at Los Alamos National Laboratory under contract W-7405-ENG-36. 
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Figure Captions 

Fig.l. Constraints on the first two coefficients of the twist-two pion wave 
function of Eq. (12). The circle corresponds to the values of the coef- 
ficients in the Braun-Filyanov wave function, and the triangle to the 
coefficients in the Chernyak-Zhitnitsky wave function; the asymptotic 
wave function sits at the origin. The dotted line is the result with Eq. 
(16). 
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